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A set of vertices in a graph is said to be dependent if it is not independent. Let
pk(G) denote the number of dependent sets of size k in the graph G. We show that,
for any graph G, the sequence {pk(G)} is logarithmically concave. © 2001 Elsevier
Science
1. INTRODUCTION
Let G be a (simple) graph and let V(G) denote the vertex set of G.
A subset X of V(G) is said to be independent if no two vertices of X are
adjacent. If X ı V(G) is not independent then it is said to be dependent,
and X is called doubly dependent if both X and V(G)0X are dependent. Let
ak(G), pk(G), and dk(G) denote, respectively, the number of independent,
dependent, and doubly dependent subsets of size k of V(G). We assume
that the reader is familiar with standard terminology of graph theory which
may be found in [2].
The sequence a0, a1, ..., an of real numbers is said to be unimodal if there
is an integer k such that
a0 [ a1 [ · · · [ ak−1 [ ak \ ak+1 \ · · · \ an−1 \ an.
Further, the same sequence is called logarithmically concave (or simply, log
concave) if
a2i \ ai−1ai+1
for all 1 [ i [ n−1. It is a fact (see [1], for example) that a logarithmically
concave sequence is unimodal.
Logarithmically concave and unimodal sequences occur naturally in
many areas of mathematics, including combinatorics (see, for example,
[3, 7]). For instance, Hamidoune [4] has shown, in particular, that the
numbers of independent k-sets in a claw free graph are log concave.
Recently, Wagner [8] has obtained this same result using representation
theory.
In this paper, we establish a result (Theorem 2.5) which implies that, for
any graph, the numbers of dependent k-sets form a log concave sequence.
The motivation for this work arose from studying the poset consisting of
all dependent sets in a graph, ordered by inclusion. In [5], we showed that,
for any graph, this poset has the Sperner property.
2. A PARTITIONING ARGUMENT
Our proof uses a modification of the partitioning technique employed by
Hamidoune [4]. For a graph G, let Pk=Pk(G) denote the set of dependent
k-subsets of V(G). Our approach is to let
rA, B={(X, Y) | X 5 Y=A and X 2X=B}
and examine the intersection of rA, B with Pk×Pk and Pk−1×Pk+1. Specifi-
cally, we will establish the following lemma.
Lemma 2.1. Let G be a graph and let A ı B ı V(G) be such that |A|=j
and |B|=2k−j for some j and k with 0 [ j [ k−1. Then
|rA, B 5 (Pk−1×Pk+1)| [ |rA, B 5 (Pk×Pk)|. (1)
Proof. It will be convenient to consider two cases, according to whether
A is an independent set or not. L
Case 1. A is a dependent set. Let (X, Y) ¥ rA, B. Since A is a dependent
set so also are X and Y. Therefore,
|rA, B 5 (Pk−1×Pk+1)|=R 2k−2jk−1−jS
since (k−1−j) elements from the (2k−2j) elements in B0A are to be
chosen for X0A. Similarly, |rA, B 5 (Pk×Pk)|=(2k−2jk−j ) and (1) follows from
the unimodality of the binomial coefficient.
Case 2. A is an independent set. Let N(A)={y ¥ B0A | y is adjacent to
x for some x ¥ A}. Suppose first that N(A) is empty. Consider
(X, Y) ¥ rA, B 5 (Pk−1×Pk+1). Now (B0A) 5X and (B0A) 5 Y are both
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dependent sets in G[B0A]. In other words, (B0A) 5X is a doubly
dependent set in G[B0A] so
|rA, B 5 (Pk−1×Pk+1)|=dk−1−j(B0A).
Similarly,
|rA, B 5 (Pk×Pk)|=dk−j(B0A).
From [6], we have the following lemma.
Lemma 2.2. Let G be a nontrivial graph on 2n vertices. Then dn(G) \
dn−1(G).
Now B0A has 2k−2j \ 2 vertices, so from the above lemma,
dk−1−j(B0A) [ dk−j(B0A) and thus (1) holds.
Conversely, suppose that N(A) is not empty. Let (X, Y) ¥ rA, B with
|X|=k−1 and |Y|=k+1. If X and Y both contain at least one element of
N(A) then X and Y are both dependent and so (X, Y) ¥ Pk−1×Pk+1. If
X 5N(A) is empty, then (X, Y) fails to be in Pk−1×Pk+1 if and only if
X 5 [(B0A)0N(A)] is an independent set in. G[(B0A)0N(A)]. Similarly,
if X 5N(A)=N(A), then (X, Y) ¨ Pk−1×Pk+1 if and only if Y 5
[(B0A)0N(A)] is an independent set in G[(B0A)0N(A)].
Therefore, writing H=G[(B0A)0N(A)], we have
|rA, B 5 (Pk−1×Pk+1)|=R 2k−2jk−1−jS−ak−1−j(H)−ak+1−j(H)
and a similar argument shows that
|rA, B 5 (Pk×Pk)|=R2k−2jk−j S−2ak−j(H).
In order to establish (1), which is equivalent to
2ak−j(H)−ak−1−j(H)−ak+1−j(H) [
1
k+1−j
R2k−2j
k−j
S (2)
we will require the following lemma.
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Lemma 2.3. Let n be a natural number and suppose that G is a graph on
at most 2n−1 vertices. Then
2an(G)−an−1(G)−an+1(G) [
1
n+1
R2n
n
S ,
where ak(G) denotes the number of independent sets of size k in G.
Proof. The lemma holds trivially if n=1. Furthermore, for n=2, it
may be easily verified that each of the 7 graphs on three or fewer vertices
satisfies the lemma. Therefore, assume now that n \ 3.
The following lemma will be required. This result may be found in [5];
its proof follows from ideas in [9]. L
Lemma 2.4. Let G be a graph on 2r+1 vertices. Then max{pk(G)}=
pr+1(G).
We first suppose that G has exactly 2n−1 vertices. Now ak(G)=(
2n−1
k )−
pk(G) so
2an(G)−an−1(G)−an+1(G)
=2 R2n−1
n
S−R2n−1
n−1
S−R2n−1
n+1
S−(2pn(G)−pn−1(G)−pn+1(G))
=
1
n+1
R2n
n
S−(2pn(G)−pn−1(G)−pn+1(G))
and the result follows since max{pk(G)}=pn(G) from Lemma 2.4.
Now suppose that G has 2n−1−r vertices for some r \ 1. Let GŒ=
GKKr be the join of the disjoint graphs G and Kr. Now ak(GŒ)=
ak(G) for k \ 2, and so, for n \ 3,
2an(G)−an−1(G)−an+1(G)=2an(GŒ)−an−1(GŒ)−an+1(GŒ) [
1
n+1
R2n
n
S
since GŒ has exactly 2n−1 vertices. Therefore, the lemma holds if G has
fewer than 2n−1 vertices and the proof is complete. L
We now obtain (2) by applying the above lemma to the graph
H=G[(B0A)0N(A)] which has 2k−2j− |N(A)| [ 2k−2j−1 vertices. L
The proof of Lemma 2.1 is now complete. L
We are now ready to state and prove the main result.
NOTE 183
Theorem 2.5. Let G be a graph. Then
p2k(G) \ pk−1(G) pk+1(G)+pk(G).
Proof. We have
pk−1(G) pk+1(G)=|Pk−1×Pk+1 |
=C
k−1
j=0
C
|A|=j, B ` A
|rA, B 5 (Pk−1×Pk+1)|
[ C
k−1
j=0
C
|A|=j, B ` A
|rA, B 5 (Pk×Pk)|
by Lemma 2.1. Now
p2k(G)=|Pk×Pk |
=C
k
j=0
C
|A|=j, B ` A
|rA, B 5 (Pk×Pk)|
=C
k−1
j=0
C
|A|=j, B ` A
|rA, B 5 (Pk×Pk)|+|Pk |
\ pk−1(G) pk+1(G)+pk(G)
and the proof is complete. L
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